The simplest N = 2 supersymmetric quantum mechanical system is realized in terms of the bosonic creation and annihilation operators obeying either ordinary or deformed Heisenberg algebra involving Klein operator. The construction comprises both the exact and spontaneously broken supersymmetry cases with the scale of supersymmetry breaking being governed by the deformation parameter. Proceeding from the broken supersymmetry case, we realize the Bose-Fermi transformation and obtain spin-1/2 representation of SU(2) group in terms of one bosonic oscillator. We demonstrate that the constructions can be generalized to the more complicated N = 2 supersymmetric systems, in particular, corresponding to the Witten supersymmetric quantum mechanics.
It was demonstrated recently [1] that the classical analog of the quantum massless superparticle can be constructed without incorporating odd Grassmann variables being the classical analogs of the corresponding fermionic operators. Such "bosonization" was realized with the help of topologically nontrivial classical variables, which after quantization supply the system with the necessary fermionic degrees of freedom. But, moreover, the next step can be carried out in the direction of bosonization of the supersymmetry. In recent paper [2] , devoted to the generalized harmonic oscillator systems, Brzezinski, Egusquiza and Macfarlane have pointed out on a remarkable possibility of uncovering supersymmetry structure totally described within the Fock space of the bosonic oscillator. In the present letter we shall investigate such a possibility of realizing N = 2 supersymmetry for the case of quantum mechanical bosonic oscillator revealing similarity of the constructions with the standard ones comprising fermionic degrees of freedom. Certainly, the bosonization mechanisms for the supersymmetry could find their concrete interesting applications similarly to the Bose-Fermi transmutaion constructions, known since very long time ago [3] , which nowdays together with the anyonic generalizations are applied, e.g., to the description of the planar physical phenomena, viz. high-T c superconductivity and fractional quantum Hall effect [4] .
We shall start with the case of the ordinary bosonic oscillator and realize N = 2 supesymmetry in terms of its creation and annihilation operators demonstrating that there are two possibilities corresponding to the cases of exact and spontaneuosly broken supersymmetry. Proceeding from the broken supersymmetry case, we shall construct the fermionic oscillator variables, i.e. realize a Bose-Fermi transformation in terms of only one bosonic oscillator. The fermionic oscillator variables will permit us to represent the Hamiltonian for both cases in the form similar to the standard supersymmetric form and construct spin-1/2 representation of the SU(2) group on the one bosonic oscillator Fock space. Then we shall generalize all the constructions to the case of the bosonic oscillator operators obeying the deformed Heisenberg algebra involving the Klein operator [5, 2] . The interesting feature of such generalization is that in the case of the spontaneously broken supersymmetry the scale of supersymmetry breaking is defined by the deformation parameter of the system. After that we shall show how the described constructions can be generalized to the more complicated N = 2 supersymmetric systems, in particular, corresponding to the Witten supersymmetric quantum mechanics.
So, let us consider the Fock space of states for the ordinary bosonic oscillator formed by the complete set of orthonormal vectors
constructed over the vacuum state defined by the relations:
where a + and a − are creation and annihilation operators satisfying the alge-
and the normalization constants can be chosen as C n = (n!) −1/2 . Introduce the Klein operator K defined by the relations
which separates the complete set of states |n > into even and odd subspaces:
The sign factor κ can be removed here by redefining the vacuum state and without loss of generality we can put κ = +1. The operator K can be realized in the form K = exp iπN , or, in the explicitely hermitian form
with the help of the number operator,
N|n >= n|n > .
Consider now an operator Q + together with hermitian conjugate operator
† of the most general form linear in the oscillator variables a ± with coefficients depending on the Klein operator K,
where α, β, γ and δ are arbitrary complex numbers, and demand that they would be nilpotent operators: Q +2 = Q −2 = 0. This requirement leads to the restriction: β = ǫα, δ = ǫγ, where ǫ is a sign parameter. Therefore, there are two possibilities for choosing operator Q + :
where by Π ǫ we denote the hermitian operators
being the projectors:
ǫ } has here the form:
Whence we conclude that the anticommutator will commute with the number operator N if we choose parameters in such a way that αγ * = 0. Putting α = 0, normalize the second parameter as γ = e iϕ . But since the phase factor can be removed by the unitary transformation of the oscillator operators a ± , we arrive at the nilpotent operators in the very compact form similar to that of the supercharges for the simplest N = 2 supersymmetric systems in the standard approach including fermionic operators (see below eq. (20)):
They together with the operator
form the N = 2 superalgebra:
Let us notice that the hermitian supercharge operators Q 1,2 ǫ ,
have the following compact form:
in terms of the bosonic operators of coordinate x and momentum p, a
where [n/2] means the integer part of n/2. Therefore, for ǫ = − we have the case of the spontaneously broken supersymmetry with E − n > 0 and all the states |n > and |n + 1 >, n = 2k, k = 0, 1, . . ., are paired in supermultiplets. For ǫ = + we have the case of the exact supersymmetry characterized by the spectrum
i.e. here the vacuum state with E + 0 = 0 is a supersymmetry singlet, whereas E + n = E + n+1 > 0 for n = 2k + 1, k = 0, 1, . . .. Thus, we have demonstrated that one can realize both cases of the spontaneously broken and exact N = 2 supersymmetries with the help of only one bosonic oscillator.
Due to the property E − n > 0 taking place for ǫ = −, we can construct the Fermi oscillator operators:
i.e. one can realize the Bose-Fermi transformation in terms of one bosonic oscillator. Notice here, that though, obviously, operators a ± do not commute with f ± , nevertheless, the operator H ǫ can be written in the form of the simplest supersymmetric Hamiltonian:
Indeed, let us compare the constructed systems, being distinguished by the sign parameter ǫ, with the simplest ordinary N = 2 supersymmetric systems described in terms of mutually commuting bosonic (a ± ) and fermionic (b ± ) oscillator operators:
with the supercharge and Hamiltonian operators realized as
Here ǫ = + and ǫ = − also give the cases of the exact and spontaneously broken supersymmetries, and we see that the Hamiltonian (18) formally coincides with H ǫ for the system (19)-(21). It is just from such reasons of similarity we have chosen the signs in both sides of eq. (16).
Having fermionic oscillator variables f ± , one can construct the operators:
satisfying the su(2) algebra:
Due to the relation S i S i = 3/4, it means that we can realize unitary spin-1/2 representaion of of the SU(2) group acting on every 2-dimensional space of states (|2k >, |2k + 1 >), k = 0, 1, . . ., in an irreducible way. Now let us go to the generalizations of these simple constructions, and first consider the case of the bosonic oscillator variables satisfying the deformed Heisenberg algebra [5, 2] [a
Here the Klein operator K is also given by the relations of the form (4). Let us introduce again the vacuum state defined by eqs. (2) and put κ = +1 in the relation of the form (5). Then we find that the operator a + a − acts on the states |n > defined by eqs. (1) in the following way:
From here we conclude that in the case when
the space of unitary representation of algebra (24), (4) is given by the complete set of the orthornormal states (1) with the coefficients
From eqs. (25) and (5) we get the equality:
, where through N we denoted the number operator (7). Then, using the previous relation and eq. (24), we get a − a + = N + 1 + ν(1 + K)/2, and from these two relations we arrive as a result at the following expression for the number operator in terms of the operators a ± :
Now, we can realize the Klein operator K in terms of the operators a ± by means of equalities (6) and (27), and the constructions performed with the use of ordinary bosonic oscillator operators can be repeated here in the same way. So, we get the supercharges and supersymmetry Hamiltonian in the forms (8) and (9), respectively. Then we find that in the case ǫ = + we have again the exact supersymmetry and the states |n > are the eigenstates of the Hamiltonian H + with the same spectrum (15) as in the case of Heisenberg algebra (3), whereas in the case ǫ = −, we have the case of the spontaneously broken supersymmetry with the shifted energy spectrum: instead of (14) we have here
Therefore, in this case the shift of the energy (the scale of the supersymmetry breaking) is defined by the deformation parameter, but E − n > 0 for all n due to the restriction (26). It means that in the case of the deformed bosonic oscillator we can realize again the Bose-Fermi transformation and get spin-1/2 reperesentation of SU (2) with the help of the relations of the same form (16), (17), (22) and (23) as in the case of the ordinary oscillator. Therefore, from the point of view of the supersymmetry constructions the deformation of the Heisenberg algebra reveals itself in the scale of supersymmetry breaking.
Let us show how the previous constructions can be generalized to the case corresponding to the more complicated quantum mechanical supersymmetric systems [6] . To this end, consider the operators
with odd mutually conjugate operators 
Taking the anticommutatorH
as the Hamiltonian, we get the N = 2 superalgebra defined by the relations (30), (31) and by the commutator
The explicite form of the supersymmetric Hamiltonian here is
Choosing the operators A ± , e.g., in the form
with W (−x) = −W (x), in the case of undeformed Heisenberg algebra (3) we get for supesymmetric Hamiltonian (33), in its turn, the form
corresponding to the Witten supesymmetric quantum mechanics [7] with odd superpotential W . Thus, we see that N = 2 supersymmetry is realizable in terms of only one bosonic oscillator in the form very similar to that of the standard approach comprising fermionic oscillator operators. In the case of the simplest supersymmetric system considered above the Hamiltonian (10) in Schrödinger representation takes the form:
Therefore, the supersymmetrization of the pure bosonic system is conditioned here on the specific nonlocal character of the Hamiltonian. To conclude, let us point out two problems to be interesting for further consideration. The first one concerns possible generalizations to the cases of supersymmetric N > 2 and parasupersymmetric quantum mechanical systems. For the purpose one could try to use the generalizations of the Klein operator of the form:K n = 1, n > 2. The second, obvious problem consists in generalizing the bosonization of the N = 2 supersymmetry to the quantum field systems, (1 + 1)-dimensional in the simplest case. 
